We observe a different type of complex solutions in the isotropic Heisenberg spin-1/2 chain starting from N = 12, where the central rapidity of some of the odd-length strings becomes complex making not all the strings self-conjugate individually. We show that there are at most (N − 2)/2 singular solutions for M = 4, M = 5 down spins and at most (N 2 − 6N + 8)/8 singular solutions for M = 6, M = 7 down spins in an even-length chain with N ≥ 2M . Correspondence of the non self-conjugate string solutions and the singular string solutions to the rigged configurations has also been shown.
I. INTRODUCTION
Bethe's solution of the isotropic Heisenberg spin-1/2 model in one dimension, by a method known as the coordinate Bethe ansatz [1] , is one of the seminal work in the field of integrable models. For a detailed investigation on the method and its variants and other related works see references [2] [3] [4] [5] [6] [7] [8] . However, deriving the Bethe ansatz equations and the form of the eigenvalues and eigen-vectors is only one part of the story. The other important part is to extract the numerical values of the rapidities from the set of the Bethe ansatz equations. Because of its high degree of nonlinearity and multi-variate nature it is practically impossible to analytically solve the Bethe ansatz equations even for a modest length of the spin chain. One, therefore needs to seek numerical solutions using methods, such as, iterations, the Newton-Raphson, homotopy continuations etc. There have been some efforts to find the numerical solutions of the Bethe ansatz equations using different techniques, and the eigenvalues have been found which have excellent match with direct diagonalization of the Hamiltonian.
Apart from the real solutions which are much easier to find out there are complex solutions of the Bethe ansatz equations which need extra efforts to calculate. Bethe himself investigated this problem and found that if there are complex solutions then they come in complex conjugate pairs and arrange themselves in a string-like structure. These complex solutions, responsible for the formation of bound states, lead to the so called string hypothesis [9] . Importance of numerical computations of all the Bethe solutions are in one hand to check the completeness of the spectrum of the Hamiltonian and on the other hand its knowledge is necessary for the computation of the correlation functions, form factors [10, 11] and other physical quantities of the model. Although, the string hypothesis gives satisfactory result in the thermodynamic limit and counts the total number of states correctly in the general case, it has many drawbacks and there have been found some exceptions to it. For example, if the string hypothesis is valid in all respects then for a large length chain the imaginary part of the two string should converge to ±1/2. However it has been shown in [12] that some of the two string rapidities λ ± , behave as Re(λ ± ) ∼ N , Im(λ ± ) ∼ ± √ N for large length-N spin chains. Even, there are some two strings which for large N and large Bethe quantum numbers deform back to two real rapidities [13] [14] [15] [16] , which is observed numerically. Despite these drawbacks, the string hypothesis has been very helpful in numerical analysis in the iteration method to obtain good initial guess for the finite length chains. Exploiting the string hypothesis and taking into account the deformations, the complete string solutions for N = 8 and N = 10 length isotropic Heisenberg spin-1/2 chains are obtained in [17] . String solutions up to N = 14 have been obtained in [18] and its supplement by making use of the homotopy continuation method to show that there are too many solutions of the Bethe ansatz equations and only some of them, which obey self-conjugacy condition, are the physical solutions of the Heisenberg model.
Usually, a set of solutions to the Bethe ansatz equations consists of strings of different lengths. As mentioned above, one key constraint to the solutions of the Bethe ansatz equations is that they are self-conjugate [19] . While implementing this constraint in the string hypothesis it is usually assumed that self-conjugacy is to be satisfied within a string [17] , a condition, motivated by the observation of the short length spin chains, is too restrictive to be valid for all solutions of higher length spin chains. We therefore relax the imposition of the self-conjugacy criterion to the whole set of rapidities not necessarily within a string, making the strings in a solution individually not self-conjugate. We show that our self-conjugacy criterion allows us to obtain some solutions which are not fitted within the standard deformed string picture, which is one of our motivations in this work. For even-length chains, up to N = 10 the string solutions, although deformed, still do obey the string structure and the restrictive self-conjugacy condition. First breakdown of the string structure for the physical solutions of even-length chains occurs in N = 12, as some of the strings become non self-conjugate and therefore need the most relaxed self-conjugacy condition. We discuss this feature of the string solutions here with an example of N = 12. Although numerical solutions for N = 12 is obtained in [18] using the homotopy continuation method we here obtained the solutions by the iteration method using Mathematica and exploiting the string hypothesis.
Moreover, recently a lot of works on the physical singular solutions have been reported in the literature [18, [20] [21] [22] . The singular solutions as we know are an essential component of the spectrum and need a proper regularization scheme to derive the correct physical states and the eigenvalues. It is also possible to map these solutions and even the regular solutions to a type of combinatorial object known as rigged configurations [23] [24] [25] . Based on the symmetry of the singular solutions for even-length chains we classify the solutions in different categories which allow us to simplify the Bethe ansatz equations significantly up to M = 7 down spins. Studying the algebraic aspects of polynomials we estimate the number of singular solutions present at most for even-length spin chain up to M = 7 down spins. We also study the aspect of mapping of the Bethe states to rigged configurations for singular solutions as well as solutions with non self-conjugate strings.
Our study enables us to identify all the physical singular solutions present in the N = 12 case and map them to rigged configurations. It also simplifies the Bethe ansatz equations for the singular solutions significantly up to M = 7 down spins and for even N so that the physical singular solutions and its total number are obtained easily.
We organize this paper in the following fashion: In the next section, we briefly present the isotropic spin-1/2 chain and its solutions in terms of the algebraic Bethe ansatz method. In section III, we discuss the non self-conjugate strings and explain it with the example of N = 12. In section IV, we discuss the singular solutions, its classification and give an estimate of the number singular solutions. In section V, we discuss rigged configurations and its correspondence with N = 12 case for non self-conjugate string solutions and singular string solutions and finally we conclude.
II. ALGEBRAIC BETHE ANSATZ
The Hamiltonian of a spin-1/2 chain with length N under the periodic boundary conditions is given by
where J is the coupling constant and S j i (j = x, y, z) the spin at position i and in j direction. In the algebraic Bethe ansatz formulation one can construct a Bethe state in the case of M down spin sector as
from the reference state |Ω with all up spins by acting the B(λ α ) matrix. To obtain the B(λ α ) matrix we need the Lax operator
where 
The Bethe state (2) can also be written in a very useful form as [26] 
where P are elements of the permutation group S M of the M numbers and H(x) is the Heaviside step function H(x) = 1 for x > 0 and H(x) = 0 for x ≤ 0. When the rapidities λ α satisfy the well known Bethe ansatz equations
then eq. (2) and (5) become the highest weight Bethe eigenstate. We also call them the Bethe roots. The eigenvalue for the M down spin configuration is then given by
A convenient way to deal with the Bethe ansatz equations is to take the logarithm of eq. (6) 2 arctan(2λ
where the Bethe quantum numbers, {J α , α = 1, 2, ...., M }, take integral or half integral values, depending on whether N − M is odd or even, respectively. However, since J α are repetitive in a given state, it is not useful for counting the number of states of the model in concern. But, it is possible to obtain non-repetitive quantum numbers with the help of the string hypothesis, which says that the rapidities for M down spins are arranged in a set of strings as
where the string center λ j α is real, j is the length of the string, α accounts for the number of the j-string and ∆ j αa is the string deviation. In the limit ∆ j αa → 0, the Bethe ansatz equations (6) reduce to [9] arctan 2λ
where M k is the number of k-strings present in a state such that k kM k = M . The Takahashi quantum numbers I j α , which are non-repetitive, are given by
III. NON SELF-CONJUGATE STRINGS
In this section we present the non-string type solutions, which start to occur from the N = 12 case. One of the important ingredients for an effective iteration method is to start the numerical procedure with a very good initial guess. In case of the Bethe equations (6) it can be found by solving the Takahashi equations (10). One then needs to find the deviations ∆ j αa of the string to obtain the actual roots. In the string hypothesis these deviations are supposed to be purely imaginary and decrease exponentially with respect to N . In finite-size spin chains, however, there are deviations of the string center, which leads to the form [17] 
where j αa and δ j αa are real. Since the Bethe roots are self-conjugate there should be a corresponding restriction on the deviations. One choice is to consider self-conjugacy within a string of length j, which translates to ∆ j αa = (∆ j αj+1−a ) * . One consequence of this picture is that the central rapidity of an odd-length string is always real and there is as such no relation between different strings in a state. For N = 8, N = 10 we can recover all the string solutions from this consideration of string picture and therefore sufficient to restrict self-conjugacy condition within a string. However, as we increase the length N of the spin chain it is not possible to recover all the string solutions since the above self-conjugacy condition is too restrictive if we assume that deviations are small. One therefore needs to impose the self-conjugacy condition on the whole set of strings {λ
When some of the strings become not self-conjugate we call such solutions non self-conjugate string solutions.
To clarify the point with concrete examples let us consider a state of M = 5 down spins in a N = 12 spin chain, with two 1-string (M 1 = 2), and one 3-string (M 3 = 1). If we consider self-conjugacy only within the string then the Bethe roots can be parametrized as
where λ 1 , λ 2 , λ, , δ are real parameters which we have to evaluate numerically. We put curly bracket to separate different strings. All the physical solutions for N = 12, M = 5, M 1 = 2, M 3 = 1 though fall in this category except two solutions in which case the roots can be parametrized as
where λ 1 , λ, , δ 1 , δ 2 are real parameters. In Table I two such solutions of this kind are shown where one of the two 1-strings becomes complex conjugate to the central rapidity of the three string and therefore the 1-string and the The energy eigenvalues for the singular solutions for N=500, M=5 with absolute value |λ| of the form, a 1 or ia 1 of eqs. 30 and 31, respectively. Up to N=500 we obtained only two solutions of the form ia 1 for every even N ≥ 10, with ia 1 → 1.5i and ia 1 → 1i, respectively for large N and the corresponding eigenvalues, E → −2.5 and E → −1.6666666666666667, respectively as can be seen from the two isolated points in the figure 3-string become non self-conjugate individually but remains self-conjugate when considered collectively. In all the tables I n represent the Takahashi quantum numbers for the n-strings.
Another example is present in the M = 6 down spin sector, with one 1-string (M 1 = 1), one 2-string (M 2 = 1) and one 3-string (M 3 = 1). Again if we consider self-conjugacy within the string itself then the Bethe roots can be parametrized as
where λ 1 , λ 2 , λ, δ, δ 1 , are real parameters. All the solutions fall in this category except the three solutions which follow
where λ, λ 2 , δ 2 , δ, δ 1 , are real parameters. We can still use (14) and (16) to get a relation between the Bethe quantum number, J i and the Takahashi quantum number I α n by first simply taking lim δ 1 → 0 and considering that whenever the deviations are taken to zero the real part changes as lim δ1→0 (λ ± iδ 1 ) → (λ 2 , λ). Then (14) and (16) reduces to the standard string roots of (13) and (15) respectively, which allows us to obtain the Takahashi quantum numbers in terms of the Bethe quantum numbers. In Table II 
IV. SINGULAR STRINGS
Singular string solutions of the Bethe equations are special in the sense that the energy eigenvalue diverges and the Bethe state vanishes without regularization and therefore we need to have a suitable regularization scheme [20, 21] to make everything finite. It is also an essential part of the spectrum because without the singular solutions the Hilbert space of the Hamiltonian is not complete. Recently there has been much interest in singular solutions and it is also possible to map all the singular solutions to rigged configurations. Solutions of the form
are called singular because two of the roots λ 1 , λ 2 make the state and the corresponding eigenvalue ill-defined. It has been numerically observed that the roots of a singular state for even N are distributed symmetrically, we assume that for physical singular solutions the following condition is satisfied
The condition (18) is satisfied for any symmetrically distributed roots, which may or may not be singular. Another point is that the singular solutions in [20] for even N , which do not satisfy the condition (18), are not physical. In 
Based on (18) and the self-conjugacy condition we can classify the different singular states for a fixed number of down spins. For M = 2, the only singular solution is of the form
which is given for N = 12 in table III. For M = 3 the only singular solution possible is which is given in table IV. Note that for M = 2 and M = 3, there is only one singular state for any even N ≥ 4. For M = 4, there are two different classes of singular solutions
In table V we give the first type of solutions and in table VI the second type of solutions. By substituting the singular roots (22) or (23) in the Bethe ansatz equations (6) we obtain a polynomial equation for a single variable x
where x is either 2a 1 or 2ia 1 , of eq. (22) and (23), respectively. This is a polynomial equation of degree N − 2 which can be seen from the simplified form
where the coefficients
It is useful to write the general form of the coefficients as
It is manifest that if x is a root of the polynomial then −x is also a root, which accounts for the two rapidities of M = 4 singular solution in (22) and (23) . According to the fundamental theorem of algebra the polynomial eq. (25) has at most N − 2 distinct roots (real or complex) and since the coefficients are all real the complex roots will occur in complex conjugate pairs if there are any. Considering the fact that two roots of opposite signs of (25) constitute one singular root we find that the total number of singular roots N for M = 4 is at most
One test which guarantees that the the total number of singular solutions is exactly given by (27) is to show that the discriminant of the polynomial f (x) in (25) is not zero, which we cannot prove here. But numerical check for many different values of the chain lengths shows that discriminants are indeed non-zero and negative, it follows that the roots are all distinct and all account for the singular solutions. The number of sign changes V + of the coefficients (26) of f (x) and the number of sign changes V − of the corresponding coefficient of f (−x) are the same and given by F (x, y) .G(x, y))) = N (N + 4) − 4, Area (New (F (x, y))) = 2(N − 1) and Area (New (G(x, y))) = 2(N − 1) and the mixed area N 2 is given by the gray square.
Then, according to the Descartes' rule of sign, the number of real positive roots n + and and the number of real negative roots n − are bounded by
where the upper and lower sign of the suffix of left hand side should be considered with the upper and lower sign of the suffix of right hand side, respectively. Eq. (29) implies that there are at most (N − 2)/2 − 1 number of solutions of the type (22) and therefore at least 1 solution of the type (23). Here and for M = 5 case bellow we assume that the complex root of (25) are all pure imaginary, for which we do not have any analytical proof but it is supported by numerical observations up to N = 500. So far our numerical solutions shows that there is exactly (N − 2)/2 − 1 number of solutions of the first type and only 1 solution of the second type as can be seen from FIG. 1 obtained for N = 500. In a similar fashion singular solutions for M = 5 can be obtained, where there exist two different types of singular solutions
In 
Note that x = 0 is a trivial solution of this equation which is not a Bethe roots. So, after factoring out x from (32) we again obtain a polynomial equation of the form (25) but now the coefficients are given by
We can show that the number of sign changes V + of the coefficients (33) of f (x) and the number of sign changes V − of the corresponding coefficient of f (−x) are the same
Applying the Descartes' rule (29) now implies that there are at most (N − 2)/2 − 2 roots of the form (30) and at least 2 roots of the form (31) making the total number of singular solutions
In FIG. 2 , we see that for N = 500, M = 5, there are only two solutions of the type (31) and the rest are of the form (30) and we also checked up to N = 500 but find no exceptions. For M = 6, the following four different classes of singular solutions may exist
where the pair (x, y) can either be (
. Note that the two equations (40) are symmetric with respect to the permutations of the variables. Although solutions of this system of equations give all the desired roots of the form (36)-(39), they also give roots such as x = ±y and x = ±y * (R(x) = R(y) = 0) which are not physical solutions and therefore should be discarded. In order to calculate the number of singular solutions we have to first find out the number of solutions of (40) and subtract the number of solutions of type x = ±y and x = ±y * (R(x) = R(y) = 0). According to Bernstein's theorem [27] number of solutions of a system of generic polynomial equations of two variables of the form f 1 (x, y) = 0, f 2 (x, y) = 0 in (C\0)
2 is given by their mixed area M (New(f 1 ), New(f 2 )), where New(f 1 ) and New(f 2 ) are the Newton polygons of f 1 (x, y) and f 2 (x, y), respectively. By inspecting (40) we can readily obtain the Newton polygons New (F (x, y) ) and New (G(x, y)) of the system of equations as 
The Minkowski sum New (F (x, y) .G(x, y)) of the two polygons can be obtained from the multiplication of the corresponding polynomials and can be written as
Now one can obtain the mixed area 
The overall factor 8 in the denominator is the multiplicity of the singular roots. Note that two roots of (40) are considered the same if upon substitution in (36)-(39) gives the same singular roots. Similarly, M = 7 case can also be discussed, where there are the following four different class of singular solutions It has been observed that there is a connection between the Bethe states and the rigged configurations [28] [29] [30] . It offers a nice bijection between the Bethe states and the rigged configurations at least for a not very long spin-1/2 chain. In N = 12 case of the isotropic spin-1/2 chain, we establish this bijection for the singular solutions and for the non self-conjugate string solutions comparing their Takahashi quantum numbers with the riggings of a rigged configuration.
To understand what a rigged configuration is and how it works let us give here a brief account of the basic idea behind the rigged configurations. We keep the notations of [28] . This is a Young Tableau like object with two sets of integers, one in the left hand side of the boxes known as vacancy numbers P k (ν), and the other on the right hand side of the boxes known as riggings J k,α . Consider a state of a spin-1/2 chain Hamiltonian of length N and total M down spins in the state. The down spins can be partitioned in different ways and each partition can be written as ν = {ν 1 , ν 2 , ...., ν s } such that the parts ν i 's are positive integers and s is the total number of parts in a particular partition. Since all the down spins have been partitioned in ν it satisfies s i=1 ν i = M . In the string-solution language, for example, M = 9 down spins with two 3-strings, one 2-string and one 1-string has a partition ν = {3, 3, 2, 1}. The set of vacancy numbers P k (ν) which need to be all non-negative in order to have a viable configuration are defined for a spin-1/2 system as follows
where k = 1, 2, ... is the length of a string under consideration. Once a vacancy number is obtained then one can get a bound for the set of corresponding riggings J k,α as
where M k is the total number of k-strings in a particular set of roots defining a state. In order to have a bijection between the rigged configurations and the Bethe states we need to define a flip map κ as
A rigged configuration of the form (ν, J) therefore have two different classes of configurations, one which are flipinvariant and the other which are not flip-invariant under the transformation (54). Given a partition ν and a set of corresponding Bethe states it is now our task to assign a rigged configuration (ν, J) to a Bethe state. One way to assign it is to compare between the riggings J and the real part of the rapidities of Bethe states and assign higher value of the real part of the roots to higher value of the riggings as adopted in [28] . To get a mapping based on the comparison with the rapidity we have to then actually solve the rapidities numerically. We instead considered a comparison between the riggings and the Takahashi quantum numbers I α n and assigned the larger riggings to larger Takahashi quantum numbers and obtained a bijection between the Bethe states and the rigged configurations. On the right hand side of each row of the Tables I to XIV we have shown the corresponding rigged configurations for N = 12 spin-1/2 chain.
VI. CONCLUSIONS
We have observed that in the isotropic spin-1/2 Heisenberg model there are some string solutions which do not fall in the standard category of string solutions. These are physical solutions of the Bethe ansatz equations where the central rapidity of some of the odd length strings in a given Bethe state becomes complex contrary to the standard knowledge where the central rapidity of an odd length string is considered to be real even in the deformed strings. Some of the individual strings in a Bethe state in such scenario are no longer self-conjugate, but collectively all the strings in the Bethe state remain self-conjugate. This behavior starts from N = 12 case, where we see that in a M = 5 down spin sector the central rapidity of one of the two 1-strings and the central rapidity of a 3-string become complex conjugate to each other as shown in Table I . In N = 6 down spin sector with M 1 = M 2 = M 3 = 1 we also observed that the the central rapidity of an 1-string and the central rapidity of a 3-string become complex conjugate, which is shown in Table II . To obtain these types of solutions in the string picture we have used the Newton-Raphson method in Mathematica and made use of the roots of Takahashi string with some modifications as the initial guess for the input in the iteration method. Note that the number of missing solutions in the deformed string picture for large N is solely attributed to the collapse of pairs of strings in [17] but as we observe in our analysis that the missing string solutions include not only the collapsing strings but also the non self-conjugate strings. 
